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1. Introduction 
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The purpose of this article is to examine a counterexample, due to A. V. Pogorelov 
[1], of a two-dimensional Riemannian metric of class C 21 that is not locally real- 
izable in R 3 by a C 2 isometric embedding. Pogorelov's argument proceeds as 
follows: 

• First, construct for each radius a, a metric in the disc of radius that is not 
globally realizable in the disc and that interpolates (in a C 2 ' 1 fashion) the 
flat metric at the boundary. 

• Then take a sequence of such metrics in disjoint balls of decreasing radius 
in R 2 that accumulate at a single point. The resulting metric will not be C 2 
embeddable in any neighborhood of the point. If certain estimates hold, 
the metric will also be of class C 2,1 at the point. 

The metric that Pogorelov uses for the first step is of the kind 

(1) g a = dp 2 + f a (p) 2 dd 2 

where 

\p p< a/2 

\p + a(p-a) 3 (p-a/2) 3 a/2 < p < a 

The coordinates p and 6 for metric of the form Q} are the geodesic polar coordi- 
nates relative to the center of the disc. Since this metric is rotationally symmetric, 
it is natural to ask first if there is a rotationally symmetric embedding of the metric 
into R 3 . It is clear that not every rotationally symmetric Riemannian metric is 
so embeddable, even locally, as the example of any piece of the hyperbolic plane 
shows. To give Pogorelov's result some plausibility, we discuss the general prob- 
lem of embedding such a metric in a rotationally symmetric fashion. It turns out 
that such an embedding does exist for Pogorelov's metric, but that it is only of 
class C 1,1 . 

Next, we shall prove Pogorelov's theorem, correcting some of the details of 
Pogorelov's paper, and including many others that he does not give. 

2. C 1 ' 1 ISOMETRIC EMBEDDING OF POGORELOV'S METRIC 

Let D be a disc centered at the origin in R 2 , and define a metric in D by 

g = dp 2 + fipfde 2 

where / is some given function of class C 2 . We ask under what conditions g can 
be realized as the metric of a surface of revolution in three-dimensional Euclidean 
space. A surface of revolution is a surface represented in cylindrical coordinates 
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by r = g(z). Equivalently, this is the rotation of the curve r = g(z) about the z-axis. 
The metric has the form 

h = (1 + g'{zf)dz 2 + g(z) 2 dd 2 . 

We will here study only embeddings that preserve the angular parameter 6. We 
must therefore have 

&) = Hp) 

and 

Substituting the first equation into the second and applying the chain rule gives 

' d j\ 2 = 1+ (vw 

y dz) \ dp dz t 

so 

dp) \dp) 

So by integration of this equation, we obtain a C 2 isometric embedding in the 
region where /'(p) < 1. 

Now in the special case of Pogorelov, 



f(p) = 



[p p<a/2 
\p + a(p - a) 3 (p - a/2) 3 a/2<p<a 



where a is a parameter. Here f'(p) < 1 in the region (a/2, 3a/ A), and so we obtain a 
C 2 embedding in that annular region. 
Let 

JO if p < a/2 

U/2 VWWdf ifa/2<p<3fl/4.- 

and 

rip) = f(p). 

This defines the curve whose surface of revolution is an isometric embedding of the 
original surface into R 3 . The curve p i-» (z(p),f(p)) is a regular C 1 curve. However, 
it is not C 2 at p = a/2, since 



lim z"(p) = 



but 



,. „. , r -f"(p)f'(p) V3 2 
lim z (p) = lim — ■ = — — a . 

P^«/2 + r P^«/2 + ^1 -/'(p)2 2 

Since the second derivative has only a jump discontinuity, the embedding is C 11 . 
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fa(p) = 



Figure 1. C 11 isometric embedding of Pogorelov's metric as a 
surface of revolution 



3. Global nonembeddability 
Let D„ be the disc p < a. Equip D„ with the C 2/1 metric 

g a = dp 2 + f a {pfdd 2 

where 

|p p < a/2 

I p + a(p - a) 3 (p - a/2) 3 a/2<p<a' 

We here prove that there is no C 2 embedding of the Riemannian surface (D„, g a ). 

Lemma 1. Let SbeaC 2 developable surface in 1R 3 with non-zero mean curvature, let k be 
the non-zero principal curvature at each point, and let Lbe a generator of the riding ofS. 
Then along L 

s + B 

where A and B are constants and s is the arclength parameter ofL. 

Proof. Define the radius of normal curvature to be the reciprocal of the normal 
curvature. The radius of normal curvature at x e L is the distance in the normal 
direction of S through x to the intersection of the normal plane through L with the 
normal plane to an infinitely near generator L' . This intersection is a line, so if we 
move x a distance s along L, the radius of normal curvature will change by a linear 
function, since the normal to a developable surface is parallel along a generator. □ 



Since the mean curvature cannot change sign on any affine segment of a devel- 
opable surface: 
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Lemma 2. Let s > t > and cp : D s — > R 3 a C 2 (topological) embedding. Suppose that 
(p(D s \ Df) ftfls non-negative mean curvature and (p(D t ) has zero Gauss curvature. Then 
(p(D s ) has non-negative mean curvature throughout. 

Lemma 3. Let z = z(x, y) be a C 2 convex function on a rectangle [— c, c] x [0, b]. Suppose 
that z x (x,0) = z y (x,0) = for all x e [-c,c] and that m < z yy < M throughout the 
rectangle. Then z xx (x, b)<{M — m)K at some point x e [— c, c\. 

Proof. Assume in addition, without loss of generality, that z(x, 0) = for all x e 
[-c, c\. Consider the function f(x) = z(x,b). This is a convex function of one variable 
in [-c, c]. By integrating z yy twice, we find 

< /(*) < -^ L - 

Assume for a contractiction that f"(x) > (M - m)b 2 /c 2 for all x. Thus fix) is a C 2 
function on [—c, c] satisfying 

(1) f"(x) > 

(2) f b 2 < f(x) < f b 2 

(3) f"{x) > (M-m)b 2 /c 2 

from which we hope to deduce a contradiction. 

Suppose first that there is a minimum of f(x) in (— c,c), say x* . If x* > 0, then 
we replace the function f(x) with f(—x) (which still satisfies (l)-(3)) to ensure that 
x* < 0. Now 



nf"(x)dxdt> f f f"(x)dxdt> 
Jo Jo 



(M - m)b 2 



by (3). But we may carry out the first integral to find 

/'(*)-/'(**) 



nf"(x)dxdt= f 
Jx" 



r, ,s M-m l2 
dx = f(c) - f(x*) < ——b 2 



=0 / 



by (2), a contradiction. 

On the other hand, if there is no minimum of f(x) in (— c, c), then by replacing 
/(x) by f(—x) again if necessary, we can assume that f'(—c) > 0. Then 
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f"(x)dxdt> (M-m)b z 

J-c J-c 

by (3). But 

£ £ /"(x) dx* = £ (/'(f) - f'(c)) dt = f(c) - f(-c) - 2cf'(c) 



,, . (M - m)b 2 



by (2), a contradiction. 



Definition 1. Let fC c R 2 k a convex plane domain and (p : K — > ]R 3 . A Zme segment L 
is called an affine segment 2/ k>f/z endpoints are on the boundary ofK and cp\ L is affine. 
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Lemma 4. Let D c R 2 be a disc and <p : D — > R 3 fee a C 2 isometric embedding. There 
exist affine segments of arbitrarily small length. Moreover, if an affine segment cuts the disc 
into two parts, then the smaller part contains affine segments of arbitrarily small length. 

Proof. Assume for contradiction that there is a greatest lower bound e > to the 
length of affine segments. The space of oriented line segments of length > e with 
endpoints on 3D is a closed subset of 3D x 3D, and is therefore compact. Thus 
there is a minimizing sequence of affine segments L n — > £ such that the length of 
L„ tends to e. Since the limit of affine maps is affine, <fi\i is also affine, and so £ is 
an affine segment. Now £ cuts D into two parts. Let D' be the smaller of the two. 
Then (p\w : D' — > 1R 3 is an isometric embedding. Any line segment L' in D' on 
which cp is affine must either intersect £ or have both points on the boundary of D. 
The second case is impossible, in view of the minimality of £, and so that leaves 
only the first case to consider. In that case the convex hull of L and £' inside D' is a 
triangle on which <p is affine. Some leg of this triangle is an affine segment shorter 
than £, which again contradicts its minimality. 

For the second assertion, let £ be the smaller domain cut from D by £. First, 
note that there is at least one affine segment (with endpoints in 3D n 3E) in £ that 
is shorter than L, by the preceding argument. The set of all such affine segments 
is nonempty. Assume for contradiction that there is a greatest lower bound e > 
to the lengths of such segments. Using the same argument as before, we get an 
affine segment of length e whose endpoints are in 3D 3E. But then we can derive 
a contradiction in the same way. □ 

3.1. Gauss curvature. 

Lemma 5. For a surface metric in geodesic normal polar coordinates ([TJ, the Gauss 
curvature is K = -f"(p)/f a (p). 

With the particular function f„(p) in our case, we find 

_ 6a(a - 2r)(a - r)(lla 2 - 30ar + 20r 2 ) 
a(a - 2r) 3 (o - r) 3 + 8r 
Expanding to second order in r - a/2, we have 

K = |« 3 (p - a/2) - 2\a\p - a/2) 2 + 0{p - a/2) 3 . 

For e > sufficiently small, 

(2) K>^a 3 (p-a/2) 

in the annular region a/2 < p < a/2 + e. 

Theorem 1. For a sufficiently small, there is no C 2 isometric embedding of the metric g 
into R 3 . 

Proof. Suppose for contradiction that there exists such an embedding cp : (D a ,g a ) — > 
R 3 . Let D c D s be the disc < p < a/2 + e where e is small, and Do be the smaller 
disc < p < a/2. Then <ft(D) has non-negative Gauss curvature and strictly positive 
Gauss curvature in a neighborhood of the boundary. By Lemma |2 <ft(D) has non- 
negative mean curvature throughout. 

Let c > be small relative to a and e. By choosing c even smaller if necessary, 
we can assume that there is an affine segment L of Dq of length 2c. By applying 
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a Euclidean transformation, we can assume that L is the interval [— c, c] of the x- 
axis and that the surface is tangent to the xy-plane along L. A neighborhood of 
L is realizable as a graph over the xy plane. By choosing c smaller still, we can 
assume that a portion of the surface is realizable as a graph z = z(x, y) over a box 
[— c,c] x [0, b] where b = 3c 2 /a. 

Since both principle curvatures are non-negative, z is convex (or concave; in 
that event, we perform the reflection z — » -z). Now, along [— c, c], z x = z y = 0. 
Let M = max[_ CiC ] X [o,fi] z yy , m - min[_ CjC ] X [o,h] z yy . Then by Lemma |3j there exists an 
x e [-c,c] such that z xx (x,b) < (M - m)^ = (M - m)^-. The point (x, b) will lie 
a geodesic distance > c 2 /a outside the circle p = a/2. Indeed, the altitude of the 
triangle formed by the center of the circle p = a/2 and the points (+c, 0) in D a has 
length -\ja 2 /A - c 2 , so the sagitta to the segment [— c, c] x {b} is 



since c is small. 

But by the discussion following Lemma l[5]l, the Gauss curvature at (x, b) is 
greater than |« 3 ( = 3a 2 c 2 /4. Indeed, we have shown that K > \a 2 (p - a/2). On 
the segment b x [— c, c] of the xy plane, the midpoint is the closest to the curve 
p = a/2, with distance > c 2 /a (by the preceding calculation). 

Since \z xx \ < (M - m)9c 2 /a 2 at P, the maximum principal curvature at P is greater 
than g^lm) ■ Now, M-m depends on the c and the original affine segment selected. 
We choose a family of affine segments, one subtending the other, such that c — > 0. 
Doing this, since z is C 2 , we have M - m — » as well. But this implies that the 
principal curvature blows up. □ 



Let D„ be the closed disc of radius \/2{n + 1) 2 centered at (1 / n, 0) for n = 1, 2, 

These are disjoint discs whose radii tend to zero and whose centers tend to the 
point (0,0). In each disc, define a metric h n to be the metric gi/2(n+i) 2 constructed 
in the preceding section, where p is the distance to, and 6 is the polar angle about, 
the point (1/n, 0) . Then, let h be the flat metric on the complement of \J n D n , and 
the metric h n on D„. 

Lemma 6. he C 21 




4. Local nonembeddability 



Proof. We estimate the norms of the coefficients on the derivatives of the metrics h n 
in the xy-coordinates. Let 5 be the Euclidean metric. Then as n — > oo, we estimate 
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by computing (/«(p) 2 /p 4 )' and (/«(p) 2 /p 4 )" that 

l|D ^ = °((^TTF 

i|d2 ^ = °(^ttf 

where the Lipschitz constant is obtained from (f a (p) 2 /p 2 )'" for p > a/2. The partial 
sums ofh n -d form a Cauchy sequence in C 2,1 , and therefore /i is C 2,1 . □ 

Theorem 2. There is no C 2 isometric embedding the metric h in any neighborhood of the 
origin. 

Proof. Any such neighborhood must contain infinintely many discs D 1 / 2 ( n+ \)2. Re- 
stricting the isometric embedding to any such disc gives a C 2 isometric embedding 
of the metric gi/2( n +iy- Choosing n to be sufficiently large that the results of the 
preceding section hold gives a contradiction. □ 
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